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Quantum Symmetry of Graph C∗-algebras associated with
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Abstract
We define a notion of quantum automorphism groups of graph C∗-algebras for finite,
connected graphs. Under the assumption that the underlying graph does not have any
multiple edge or loop, the quantum automorphism group of the underlying directed graph
in the sense of T. Banica ([1]) (which is also the symmetry object in the sense of [11]) is
shown to be a quantum subgroup of quantum automorphism group in our sense. Quantum
symmetries for some concrete graph C∗-algebras have been computed.
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1 Introduction
With the advent of noncommutative geometry it was natural for Mathematicians to find the
right notion of symmetry for ‘noncommutative’ spaces. In fact in 1995, at Les Houches summer
school on quantum symmetries, Alain Connes raised the question of finding a proper notion of
quantum automorphism group of classical or non commutative spaces. It was clear that such
symmetry had to be a generalization of classical group symmetries for classical spaces. In 1998,
S. Wang came up with a seminal work on this problem in [14], where he defined the notion of
quantum automorphism group of finite spaces. The idea was to formulate the classical group
symmetry problem in categorical language i.e. to realize the automorphism group of the under-
lying space as a universal object in a certain category of compact groups and then letting the
objects in the category be replaced by compact quantum groups and the group homomorphisms
by CQG morphisms. Then the main challenge was to prove the existence of universal object in
the larger category. As it turned out even for an n-point space where the underlying C∗-algebra
is a finite dimensional C∗-algebra, the quantum automorphism is significantly larger than the
classical symmetry group Sn and in fact as a C
∗-algebra the quantum automorphism group is
infinite dimensional for n ≥ 4. In that paper he also defined quantum automorphism group
for finite dimensional C∗-algebras. And in deed for such C∗-algebras, the universal object fails
to exist in general. S. Wang remedied this problem by his pioneering idea of restricting the
category of C∗-actions of CQG’s by demanding that such an action should also preserve some
suitable linear functional. Since that paper, study of quantum symmetries has come a long way.
Quantum symmetry of finite structures was extended for finite graphs by T. Banica, J. Bichon
and others ([1],[4] and references therein). Later on D. Goswami and others defined quantum
symmetries for continuous structures in the framework of noncommutative geometry ([3],[6] and
references therein).
It is interesting to see that even if for a directed graph the function algebra over the graph
is finite dimensional C∗-algebra, the associated graph C∗-algebra is not so (see [9]) in general.
So in the context of quantum symmetry it is interesting to study the quantum symmetries of
the graph C∗-algebras. It is expected that we shall have larger quantum symmetry than that
of the underlying graph. In this paper we define a notion of quantum symmetry of graph C∗-
algebras. We take the same approach as S. Wang and define a category which is more restrictive
than a CQG only having a faithful action on the graph C∗-algebra (much like the case of finite
dimensional C∗-algebra). Then we show for finite, connected graphs, universal object exists in
the category and call them quantum symmetry of the graph C∗-algebra. As expected we show
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that the quantum symmetry is quite large and if we also assume that the underlying graph has
no multiple edge or loop, the quantum automorphism group of the underlying directed graph
in the sense of T. Banica always is an object in the category. In general the quantum symmetry
group of the graph C∗-algebra is strictly larger than the quantum symmetry group of underly-
ing graph in the sense of Banica. We show it by computing the quantum symmetry group of
a complete graph with 2 vertices. Note that recently M. Weber and S. Schmidt also studied
the quantum symmetries of graph C∗-algebras (see [11]). They have taken a category which
is more of an algebraic category where as our category is more akin to isometric formulation.
Also in [2], A. Skalski and T. Banica defined a notion of quantum symmetry for Cuntz-Krieger
algebras. They have taken the category of CQG actions preserving a given orthogonal filtration
corresponding to faithful state on Cuntz-Krieger algebra.
Now we briefly discuss the organization of the paper. We start with a preliminary section
where we collect some standard facts about compact quantum groups and quantum automor-
phism groups. Moreover, we also recall the quantum symmetry of directed graphs in the sense
of T. Banica from [1] and [5]. 4th section contains the notion of quantum automorphism group
of graph C∗-algebra and a non rigidity result. On the way we also show that in general the
quantum symmetry group of a directed and connected graph without any multiple edge or
loop in the sense of T. Banica is an object in our category. In the last section, the quantum
automorphism groups of a few finite, connected graphs are computed.
2 Notations and conventions
All the C∗-algebras are unital. For a C∗-algebra A, A∗ will denote the space of all bounded
linear functionals on A. The tensor product ⊗ between two C∗-algebras are injective tensor
products. id will denote the identity map. For a set A, Sp(A) (resp. Sp(A)) will denote the
linear span (resp. closed linear span) of the elements of A. By a universal object in a category
we shall always mean the initial object in the category.
3 Preliminaries
3.1 Compact quantum groups and quantum automorphism groups
In this subsection we recall the basics of compact quantum groups and their actions on C∗-
algebras. The facts collected in this Subsection are well known and we refer the readers to [8],
[16], [14] for details.
Definition 3.1 A compact quantum group (CQG) is a pair (Q,∆) such that Q is a unital C∗-
algebra and ∆ : Q → Q⊗Q is a unital C∗-homomorphism satisfying
(i) (id⊗∆)∆ = (∆⊗ id)∆.
(ii) Sp{∆(Q)(1⊗Q)} and Sp{∆(Q)(Q⊗ 1)} are dense in Q⊗Q.
Given a CQG Q, there is a canonical dense Hopf ∗-algebra Q0 in Q on which an antipode κ
and counit ǫ are defined. Given two CQG’s (Q1,∆1) and (Q2,∆2), a CQG morphism between
them is a C∗-homomorphism π : Q1 → Q2 such that (π ⊗ π)∆1 = ∆2π.
Examples:
1. Let U+n be the universal C
∗-algebra generated by n2 elements {qij}i,j=1,...,n such that both
the matrices ((qij)) and ((qij))
t are unitaries. Then U+n is a CQG with coproduct given on the
generators by ∆0(qij) =
∑n
k=1 qik⊗ qkj (see [15] where this CQG has been denoted by Au(n)).
2. (C(S1),∆) is a commutative CQG with coproduct given on the generator z by diagonal
action i.e. ∆(z) = z ⊗ z. The free product of n copies of C(S1) is a non commutative CQG
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(see [15] for generalities on free product of CQG’s) denoted by (C(S1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−times
,∆) where
the coproduct on the generators is given by the diagonal action i.e. ∆(zi) = zi ⊗ zi for all
i = 1, . . . , n. This free product has the following universal property:
If (Q,∆′) is a CQG generated by n unitaries qi such that ∆
′(qi) = qi ⊗ qi for all i, then there
is a surjective CQG morphism from (C(S1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−times
,∆) onto (Q,∆′) sending zi to qi.
3. For an invertible n×n matrix Q ∈Mn(C), let Aut(Q) be the universal C
∗-algebra generated
by elements (uij)i,j=1,...,n satisfying the following relations
U t
∗
U t = U tU t
∗
= Idn×n, UQ
−1U∗Q = Q−1U∗QU = Idn×n,
where U is the Aut(Q)-valued n × n matrix ((uij)). Then adapting the arguments of Theorem
1.3 of [13] it can be shown that Aut(Q) has a CQG structure with coproduct given on the
generators by ∆0(uij) =
∑n
k=1 uik ⊗ ukj. Note that for Q = Idn×n, Aut(Q) is U
+
n . Also it is
easy to see that as a CQG, (Aut(Q),∆0) is isomorphic to (Au(Q
−1),∆cop) (For the definition
of (Au(Q
−1),∆) see [13]).
Before going to faithful C∗-action of CQG’s we briefly recall the doubling procedure of a
compact quantum group from [12] for future use in this paper. Let (Q,∆) be a CQG with a
CQG-automorphism θ such that θ2 = Id. The doubling of this CQG, say (Dθ(Q), ∆˜), is given
by Dθ(Q) := Q⊕Q (direct sum as a C
∗-algebra), and the coproduct is defined by the following
∆˜ ◦ ξ = (ξ ⊗ ξ + η ⊗ [η ◦ θ]) ◦∆
∆˜ ◦ η = (ξ ⊗ η + η ⊗ [ξ ◦ θ]) ◦∆,
where we have denoted the injections of Q onto the first and second coordinate in Dθ(Q) by ξ
and η respectively, i.e. ξ(a) = (a, 0), η(a) = (0, a), (a ∈ Q).
Definition 3.2 Given a (unital) C∗-algebra C, a CQG (Q,∆) is said to act faithfully on C if
there is a unital C∗-homomorphism α : C → C ⊗Q satisfying
(i) (α⊗ id)α = (id⊗∆)α.
(ii) Sp{α(C)(1⊗Q)} is dense in C ⊗ Q.
(iii) The ∗-algebra generated by the set {(ω ⊗ id)α(C) : ω ∈ C∗} is norm-dense in Q.
For a faithful action of a CQG (Q,∆) on a unital C∗-algebra C, there is a norm dense ∗-
subalgebra C0 of C such that the canonical Hopf-algebra Q0 coacts on C0.
Definition 3.3 (Def 2.1 of [4]) Given a unital C∗-algebra C, quantum automorphism group of
C is a CQG (Q,∆) acting faithfully on C satisfying the following universal property:
If (B,∆B) is any CQG acting faithfully on C, there is a surjective CQG morphism π : Q → B
such that (id ⊗ π)α = β, where β : C → C ⊗ B is the corresponding action of (B,∆B) on C and
α is the action of (Q,∆) on C.
Remark 3.4 In general universal object might fail to exist in the above category. For the
existence of universal object one generally restricts the category. In addition to α being a
faithful action it is common to add some kind of ‘volume’ preserving condition i.e. one assumes
some linear functional τ on C such that (τ ⊗ id)α(a) = τ(a).1 for a in some suitable subspace
of C (see [14], [3]).
Example:
1. If we take a space of n points Xn then the quantum automorphism group of the C
∗-algebra
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C(Xn) is given by the CQG (denoted by S
+
n ) which as a C
∗-algebra is the universal C∗ algebra
generated by {uij}i,j=1,...,n satisfying the following relations (see Theorem 3.1 of [14]):
u2ij = uij , u
∗
ij = uij ,
n∑
k=1
uik =
n∑
k=1
ukj = 1, i, j = 1, . . . , n.
The coproduct on the generators is given by ∆(uij) =
∑n
k=1 uik ⊗ ukj.
2. If we take the C∗-algebra Mn(C), then as remarked earlier if we take the category of CQG’s
only having faithful C∗-action on Mn(C), then universal object fails to exist in the category.
But in addition if we assume any object in the category also has to preserve a linear functional
φ on Mn(C), then existence of the universal object can be shown (see [14]).
3.2 Quantum symmetry of finite graphs without loops and multiple edges
A finite directed graph is a collection of finitely many edges and vertices. If we denote the edge
set of a graph Γ by E = (e1, . . . , en) and set of vertices of Γ by V = (v1, . . . , vm) then recall
the maps s, t : E → V and the adjacency matrix D whose ij-th entry is 1 if the ordered pair
(i, j) ∈ E and 0 otherwise (see page 8 of [5]).
Definition 3.5 Γ is said to be without multiple edges if s(ei) = s(ej) and t(ei) = t(ej) imply
that i = j. Γ has no loop if s(ei) 6= t(ei) for all i = 1, . . . , n.
Definition 3.6 (QautBan(Γ),∆) for a graph Γ without multiple edge or loop is defined to be the
quotient S+n /(AD−DA), where A = ((uij))i.j=1,...,m, and D is the adjacency matrix for Γ. The
coproduct on the generators is again given by ∆(uij) =
∑m
k=1 uik ⊗ ukj.
Theorem 3.7 (Lemma 3.1.1 of [5]) The quantum automorphism group (QautBan(Γ),∆) of a finite
graph Γ with n edges and m vertices (without loop or multiple edge) is the universal C∗-algebra
generated by (uij)i,j=1,...,m satisfying the following relations:
u∗ij = uij, uijuik = δjkuij, ujiuki = δjkuji,
m∑
l=1
uil =
m∑
l=1
uli = 1, 1 ≤ i, j, k ≤ m (1)
us(ej)iut(ej)k = ut(ej )kus(ej)i = uis(ej)ukt(ej) = ukt(ej)uis(ej) = 0, ej ∈ E, (i, k) 6∈ E (2)
where the coproduct on the generators is given by ∆(uij) =
∑m
k=1 uik ⊗ ukj.
We recall the following Lemma from [11] (Lemma 3.7):
Lemma 3.8 Let Γ = (E,V ) be a finite graph without multiple edges or loops and ej ∈ E. Then
for any v ∈ V such that s−1(v) = ∅, uvs(ej ) = us(ej)v = 0 for all j = 1, . . . , n, where uij ’s are
generators of (QautBan(Γ),∆).
4 Quantum symmetry of Graph C∗-algebras
4.1 Graph C∗-algebras
In this subsection we recall few basic facts of graph C∗-algebras. Readers are referred to [10],
[9] for details. Let Γ = {E = (e1, ..., en), V = (v1, ..., vm)} be a finite graph. A graph is said to
be connected if every vertex is a source or a target of an edge. In other words for all vl ∈ V ,
s−1(vl) or t
−1(vl) is non empty. In this paper all the graphs are finite, connected.
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Definition 4.1 The graph C∗-algebra C∗(Γ) is defined as the universal C∗-algebra generated
by partial isometries {Sei}i=1,...,n and mutually orthogonal projections {pvk}k=1,...,m satisfying
the following relations:
S∗eiSei = pt(ei),
∑
s(ej)=vl
SejS
∗
ej
= pvl .
In a graph C∗-algebra C∗(Γ), we have the following (see Subsection 2.1 of [9]):
1.
∑m
k=1 pvk = 1 and S
∗
ei
Sej = 0 for i 6= j.
2. Sµ = Se1Se2 . . . Sel is non zero if and only if µ = e1e2 . . . el is a path i.e. t(ei) = s(ei+1) for
i = 1, . . . , (l − 1).
3. C∗(Γ) = Sp{SµS
∗
ν : t(µ) = t(ν)}.
Let I ⊂ {1, ...,m} be such that for each k ∈ I, vk is not a source of any edge of the graph.
Also let E′ ⊂ E × E be such that SeiS
∗
ej
6= 0 for (ei, ej) ∈ E
′. Note that (ei, ei) ∈ E
′ for all
i = 1, . . . , n. Denote the vector space Sp{SeiS
∗
ej
, (pvk)k∈I , i, j = 1, . . . , n} by V2,+. Then we
have the following
Lemma 4.2 The set B = {SeiS
∗
ej
, pvk : (ei, ej) ∈ E
′, k ∈ I} is a basis for the vector space V2,+.
Proof:
Clearly B spans V2,+. So we need to show the linear independence of the set to finish the proof
of the Lemma. Let Λ be the set of pairs (i, j) such that (ei, ej) ∈ E
′. Let
∑
(i,j)∈Λ λijSeiS
∗
ej
+∑
k∈I µkpvk = 0. For l ∈ I, say there is an em such that t(em) = vl i.e. S
∗
emSem = pvl .
Multiplying the above equation by pvl from right, we get
µlpvl +
∑
(i,j)∈Λ
λijSei(SemSej )
∗Sem = 0.
SemSej is non zero if and only if vl = t(em) = s(ej) (see after Definition (4.1)). But by our
assumption, vl is not a source of any edge implying that SemSej = 0 for all j. Hence we get
µl = 0 for all l ∈ I. So we are left to prove that λij = 0 for all (i, j) ∈ Λ. To that end let
(k, l) ∈ Λ. Multiplying the equation
∑
(i,j)∈Λ λijSeiS
∗
ej
= 0 by SekS
∗
ek
from left and SelS
∗
el
from
right and using S∗eiSej = 0 for i 6= j, we get λklSekS
∗
el
= 0. Since SekS
∗
el
6= 0, we get λkl = 0.
This is true for any (k, l) ∈ Λ, completing the proof of the Lemma.✷
We define a linear functional τ on V2,+ by defining it on B by the following prescription:
τ(SeiS
∗
ej
) = δij for (i, j) ∈ Λ and τ(pvk) = 1 for all k ∈ I. It is clear from the definition that
τ(SeiS
∗
ej
) = δij for all i, j = 1, . . . , n.
Lemma 4.3 For a connected graph Γ = {E = (e1, . . . , en), V = (v1, . . . , vm)}, let F
Γ be an
n × n matrix whose ij-th entries for all i, j = 1, . . . , n are given by τ(S∗eiSej). Then F
Γ is an
invertible matrix.
Proof:
Since S∗eiSej = 0 for i 6= j, F
Γ is a diagonal matrix. So in order to show that FΓ is invertible, it is
enough to show that the diagonal entries are all non zero i.e. τ(S∗eiSei) 6= 0 for all i = 1, . . . , n.
For a fixed i, s−1(t(ei)) = ∅ or s
−1(t(ei)) 6= ∅. If s
−1(t(ei)) = ∅, then t(ei) ∈ I and hence
by definition of τ , τ(S∗eiSei) = τ(pt(ei)) = 1. If s
−1(t(ei)) 6= ∅, then we assume that there
are l(l ≥ 1) number of edges {ek : k = 1, . . . , l} such that t(ei) = s(ek) for all k = 1, . . . , l.
Then by the defining relations of the graph C∗-algebra, we have S∗eiSei =
∑l
k=1 SekS
∗
ek
. Hence
τ(S∗eiSei) = l. In any case τ(S
∗
ei
Sei) 6= 0, completing the proof of the Lemma.✷
4.2 Quantum symmetry
Definition 4.4 We call a faithful action α of a CQG Q on a connected graph C∗-algebra
C∗(Γ) corresponding to a graph Γ = {E = (e1, . . . , en), V = (v1, . . . , vm)} linear if α(Sei) =∑n
j=1 Sej ⊗ qji, where qij ∈ Q for i, j = 1, ..., n.
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Remark 4.5 Note that since the graphs are connected, it suffices to define actions on the partial
isometries corresponding to the edges in order to get the action on the generators of the graph
C∗-algebra.
Recall the vector space V2,+ from the previous subsection.
Lemma 4.6 A linear action α of a CQG (Q,∆) on C∗(Γ) preserves the vector space V2,+ i.e.
α(V2,+) ⊂ V2,+ ⊗Q.
Proof:
Note that it suffices to show that α maps the basis elements V2,+ into V2,+⊗Q. For that, writing
α(Sei) =
∑
j Sej ⊗ qji, we see that α(SeiS
∗
ej
) =
∑
k,l SekS
∗
el
⊗ qkiq
∗
lj ∈ V2,+⊗Q. For some vertex
pvl which is not a source of any edge, by assumption there exists some ek such that S
∗
ek
Sek = pvl .
Then α(pvl) =
∑
j S
∗
ej
Sej⊗q
∗
jkqjk. Now using the fact that S
∗
ei
Sei =
∑
s(el)=t(ei)
SelS
∗
el
, we finish
the proof.✷
Definition 4.7 For a finite graph Γ we define a category CLinτ whose objects are ((Q,∆), α),
where α is a linear faithful C∗-action of a CQG (Q,∆) on C∗(Γ) such that α preserves τ on
V2,+. Morphism between two objects ((Q1,∆1), α1) and ((Q2,∆2), α2) in the category C
Lin
τ is
given by a CQG morphism Φ : Q1 → Q2 such that (id ⊗ Φ)α1 = α2.
For a connected graph Γ, recall the invertible, diagonal matrix FΓ from Subsection 4.1. We
shall denote the ij-th entry of FΓ by fij.
Proposition 4.8 For a finite, connected graph Γ, there is a surjective C∗-homomorphism from
Aut(F
Γ) to any object in the category CLinτ .
Proof:
As before we fix a finite, connected graph Γ = {E = (e1, ..., en), V = (v1, ..., vm)}. Let α be a
linear action of a CQG (Q,∆) in the category CLinτ on C
∗(Γ) given by
α(Sei) =
n∑
k=1
Sek ⊗ uki,
for i = 1, ..., n. Using the fact that α preserves τ on V2,+, we have for all i, j = 1, ..., n,
(τ ⊗ id)α(SeiS
∗
ej
) = τ(SeiS
∗
ej
)1
⇒
n∑
k,l=1
τ(SekS
∗
el
)ukiu
∗
lj = δij1
⇒
n∑
k=1
ukiu
∗
kj = δij1 (3)
If we denote the matrix ((uij))i,j=1,...,n by Q, then equation (3) implies that Q
tQt
∗
= Idn×n.
Since we are considering CQG action, the invertibility of Qt ensures that Qt is unitary. Again
using the τ -preserving property on V2,+, we get
(τ ⊗ id)α(S∗eiSej) = τ(S
∗
ei
Sej)1
⇒
n∑
k=1
τ(S∗ekSek)u
∗
kiukj = fij
⇒
n∑
k=1
u∗kifkkukj = fij (4)
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Equation (4) can be written in the matrix equation form by Q∗FΓQ = FΓ. Hence using the
invertibilty of the matrix Q, we conclude that Q−1 = FΓ
−1
Q∗FΓ. Then the claim of the
proposition follows from the universal property of Aut(F
Γ).✷
Adapting the arguments as in Theorem 4.8 of [7], we prove the following
Theorem 4.9 For a finite, connected graph Γ, the category CLinτ admits a universal object.
Proof:
For a finite, connected graph Γ = {E = (e1, ..., en), V = (v1, ..., vm)}, let us define a category C
with objects (αC , C), where C is a C
∗-algebra generated by {tij : i, j = 1, ..., n} with both the
C-valued matrix T = ((tij)) and T
t = ((tij))
t satisfying the defining relations of Aut(F
Γ) and
αC : C
∗(Γ)→ C∗(Γ)⊗C is a C∗-homomorphism. By definition of the category C, it is clear that
for any object (αC , C) ∈ C, there is a surjective C
∗-homomorphism from Aut(F
Γ) to C sending
uij to tij. Let IC be the kernel of the C
∗-homomorphism and I = {∩CIC : (αC , C) ∈ C}. Clearly
I is a closed C∗-ideal of Aut(F
Γ). We define U = Aut(F
Γ)/I. We denote the canonical projection
from Aut(F
Γ) onto U by P and P (uij) by uij. We define a map α : C
∗(Γ) → C∗(Γ) ⊗ U by
α(Sei) =
∑n
j=1 Sej ⊗uij . Then α is a C
∗-homomorphism and then it is clear from the definition
that U is the universal object in the category C. In the following we shall equip U with a CQG
structure and subsequently prove that U with the given structure is in deed the universal object
in the category CLinτ .
It is clear that it suffices to define coproduct on uij for i, j = 1, ..., n. To that end we define
Uij =
∑n
k=1 uik ⊗ ukj ∈ U ⊗U for i, j = 1, ..., n. Clearly Uij = (P ⊗P )∆0(uij), where ∆0 is the
coproduct of Aut(F
Γ). Now we define β : C∗(Γ)→ C∗(Γ)⊗U⊗U by β(Sei) =
∑n
j=1 Sej⊗Uji. It
is easy to see that β = (α⊗id)α proving that β is a C∗-homomorphism. Also ((Uij)) and ((Uij))
t
satisfy the defining relations of Aut(F
Γ) proving that U ⊗ U is also an object in the category
C. Hence by universal property of U , there is a surjective C∗-homomorphism ∆ : U → U ⊗ U
sending uij to Uij =
∑n
k=1 uik ⊗ ukj. We claim that ∆ is the required coproduct on U . It is
straightforward to check that (∆⊗ id)∆ = (id⊗∆)∆. Using the condition ∆◦P = (P ⊗P )◦∆0
we can conclude that ∆0 maps Ker(P ) to Ker(P ⊗ P ). Moreover, from the density of each of
the linear spans of ∆0(Q0)(1 ⊗ Q0) as well as ∆0(Q0)(Q0 ⊗ 1) in Aut(F
Γ) ⊗ Aut(F
Γ), where
Q0 is the *-algebra generated by uij ’s, we get (applying P ⊗ P ) similar density with Aut(F
Γ)
and ∆0 replaced by U and ∆ respectively, and Q0 by the algebra generated by uij ’s. Therefore,
Ker(P ) is a closed Hopf ideal and U becomes a quantum subgroup of Aut(F
Γ) with coproduct
∆.
Now we finish the proof of the theorem by proving that ((U ,∆), α) is the universal object in
the category CLinτ . α is a linear faithful C
∗-action of (U ,∆) on C∗(Γ) by definition of α and ∆.
Also using the fact that ((Uij)) and ((Uij))
t satisfy the defining relation of Aut(F
Γ) it is easy
to see that α preserves τ on V2,+. Hence ((U ,∆), α) in deed belongs to the category C
Lin
τ . Now
given any object ((Q,∆Q), αQ) in the category C
Lin
τ such that αQ(Sei) =
∑n
j=1 Sej⊗qji, it follows
from Proposition 4.8, (αQ, Q) is an object in the category C (forgetting the CQG structure of
(Q,∆Q)). So by universality of U , there is a surjective C
∗-homomorphism Φ : U → Q sending
uij to qij. It is clear from the fact ∆Q(qij) =
∑n
k=1 qik⊗ qkj that in fact Φ is a CQG morphism.
Also by definition (id ⊗ Φ)α = αQ which proves that U is the universal object in the category
CLinτ . This completes the proof of the theorem. ✷
From now on, we denote the universal object in the category CLinτ by Q
Lin
τ .
4.3 Non rigidity of quantum symmetry
In this subsection we shall show that the quantum symmetry of a finite, connected graph
Γ = {E = (e1, . . . , n), V = (v1, . . . , vm)} in our sense is quite large. First we show that if the
underlying graph has no multiple edges or loops, then the quantum symmetry of the underlying
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directed graph in the sense of Banica belongs to the category CLinτ . We denote the vertex by
the index set itself for simplicity, i.e. we denote the vertex vi by i for i = 1, ...,m. Also the
corresponding projections will be denoted by pi. Recall Q
aut
Ban(Γ) from Subsection 3.2.
Theorem 4.10 There is a C∗-action α of (QautBan(Γ),∆) on C
∗(Γ) such that ((QautBan(Γ),∆), α)
is an object in the category CLinτ .
Proof:
We define a map α : C∗(Γ)→ C∗(Γ)⊗QautBan(Γ) by the following
α(pi) =
m∑
k=1
pk ⊗ uik
α(Sej ) =
n∑
l=1
Sel ⊗ us(ej)s(el)ut(ej)t(el).
By definition α is linear. So in order to prove the theorem, we have to show that α is a well
defined faithful C∗-action and it preserves τ on V2,+. For the proof that α is a faithful C
∗-action
we refer the reader to Theorem 4.1 of [11]. Now we proceed to prove that α is τ -preserving on
V2,+. For i = 1, ..., n,
(τ ⊗ id)α(SeiS
∗
ei
) =
n∑
l,k=1
τ(SelS
∗
ek
)us(ei)s(el)ut(ei)t(el)ut(ei)t(ek)us(ei)s(ek)
=
n∑
k=1
us(ei)s(ek)ut(ei)t(ek)ut(ei)t(ek)us(ei)s(ek)
=
n∑
k=1
us(ei)s(ek)ut(ei)t(ek)us(ei)s(ek) (using u
2
ij = uij)
Now using the fact that for (i′, j′) 6∈ E, us(ei)i′ut(ei)j′us(ei)i′ = 0 (equation (2)), we get the last
expression equals to
∑
i′,j′ us(ei)i′ut(ei)j′us(ei)i′ . Using equation (1), we get this expression is
equal to 1. Hence (τ ⊗ id)α(SeiS
∗
ei
) = τ(SeiS
∗
ei
) for all i = 1, . . . , n.
For i 6= j, if SeiS
∗
ej
= 0, then α is automatically τ preserving for such elements. So
for i 6= j, we assume SeiS
∗
ej
6= 0 i.e. t(ei) = t(ej). For such elements using the fact that
ut(ei)t(ek) = ut(ej)t(ek), we have
(τ ⊗ id)α(SeiS
∗
ej
) =
n∑
k=1
us(ei)s(ek)ut(ei)t(ek)ut(ej)t(ek)us(ej)s(ek)
=
n∑
k=1
us(ei)s(ek)ut(ei)t(ek)us(ej)s(ek)
Using similar arguments as before, we can show that the last expression equals to
∑
i′ us(ei)i′us(ej)i′ .
Since Γ does not have any multiple edge, t(ei) = t(ej) ⇒ s(ei) 6= s(ej). So using equation (1),
we have for all i′, us(ei)i′us(ej)i′ = 0. Hence we have for all i, j = 1, ..., n,
(τ ⊗ id)α(SeiS
∗
ej
) = τ(SeiS
∗
ej
)1.
To complete the proof of τ -preserving property we need to show that (τ ⊗ id)(α(pi)) = τ(pi).1
for those i’s which are not source of any vertex. Hence we assume pi = S
∗
ek
Sek for some edge
ek. By definition of τ , τ(pi) = 1. So we need to show that (τ ⊗ id)α(S
∗
ek
Sek) = 1.
(τ ⊗ id)α(S∗ekSek) =
n∑
l=1
τ(S∗elSel)ut(ek)t(el)us(ek)s(el)ut(ek)t(el)
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Let el ∈ E be such that s
−1(t(el)) 6= ∅. Then there is some f ∈ E such that t(el) = s(f).
Hence for such l, ut(ek)t(el) = uis(f). But since s
−1(i) = ∅, by Lemma 3.8, uis(f) = 0 i.e. for
ek, el ∈ E such that s
−1(t(ek)) = ∅ and s
−1(t(el)) 6= ∅, ut(ek)t(el) = 0. Hence using the fact that
τ(S∗elSel) = 1 for all el with s
−1(t(el)) = ∅, we get
(τ ⊗ id)α(S∗ekSek)
=
∑
s−1(t(el))=∅
τ(S∗elSel)ut(ek)t(el)us(ek)s(el)ut(ek)t(el)
=
∑
s−1(t(el))=∅
ut(ek)t(el)us(ek)s(el)ut(ek)t(el).
Again using similar arguments the last expression equals to
∑
k′,j′ ut(ek)k′us(ek)j′ut(ek)k′ = 1,
proving the τ -preserving property and hence completing the proof of the Theorem.✷
Now we show that in fact almost always we have genuine quantum symmetry of a finite, con-
nected graph. Note that for the following Proposition, the condition on the graph having no
multiple edge or loop is relaxed.
Proposition 4.11 For a finite, connected graph Γ with n edges, ((C(S1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−copies
,∆), α)
always belongs to the category CLinτ where α(Sei) = Sei ⊗ qi for all i = 1, . . . , n and qi’s are
unitaries generating the free product.
Proof:
We shall first prove the existence of such a C∗-homomorphism α by proving that S′ei := Sei⊗qi’s
also satisfy the same relations of C∗(Γ). Then by universal property of C∗(Γ), we can establish
the existence of such a well defined C∗-homomorphism. We extend the definition of α on the
vertex set by α(pi) = pi⊗1 for i = 1, . . . ,m. We denote pi⊗1 by p
′
i. Now we show that S
′
ej
, p′i for
i = 1, . . . ,m and j = 1, . . . , n satisfies the relations in C∗(Γ). Firstly observe that p′ip
′
j = δijp
′
i
and p′∗i = p
′
i and
∑m
i=1 p
′
i = 1. Also using the unitarities of qi’s, we have S
′∗
ei
S′ei = S
∗
ei
Sei ⊗ 1 =
pt(ei) ⊗ 1 = p
′
t(ei)
and
∑
s(ei)=l
S′eiS
′∗
ei
=
∑
s(ei)=l
SeiS
∗
ei
⊗ 1 = p′l, proving the existence of such a
C∗-homomorphism α. Coassociativity and faithfulness follow immediately. For the span density
condition observe that α(Sei)(1⊗ q
∗
i ) = Sei ⊗ 1. So (Sei ⊗ 1) ∈ Sp α(C
∗(Γ))(1⊗Q). Similarly
(S∗ei ⊗ 1) and (pj ⊗ 1) all belong to Sp α(C
∗(Γ))(1⊗Q). Now the action being unital, the span
density condition follows from standard facts of CQG actions. It is easy to see the τ -preserving
property, completing the proof of the Proposition.✷
The previous Proposition yields the following
Corollary 4.12 For n ≥ 2, QLinτ for a connected graph Γ with n number of edges is always non
commutative as a C∗-algebra.
5 Computation of QLinτ for some connected graphs
1.
Let us consider the above graph Γ with n consecutive edges and (n+1) vertex joining them. We
denote the projections corresponding to the vertices by {pi}i=0,...,n and the partial isometries
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corresponding to the edges by {Si}i=1,...,n. We have the following relations in the graph Γ:
S1S
∗
1 = p0, S
∗
nSn = pn,
n∑
i=0
pi = 1 (5)
S∗i Si = Si+1S
∗
i+1 = pi, i = 1, . . . , (n − 1) (6)
S∗i Sj = SiS
∗
j = 0, i, j = 1, ..., n and i 6= j. (7)
Theorem 5.1 For the graph Γ, QLinτ is isomorphic to (C(S
1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−times
,∆).
We start with the following
Lemma 5.2 Let ((Q,∆), α) be an object in the category CLinτ for the graph Γ so that α(Si) =∑n
k=1 Sk ⊗ qki for i = 1, . . . , n and ((qki))i,k=1,...,n ∈Mn(Q). Then qij = 0 for i 6= j.
Proof:
We have
α(S∗i Si) =
n∑
k=1
S∗kSk ⊗ q
∗
kiqki
α(SiS
∗
i ) =
n∑
k=1
SkS
∗
k ⊗ qkiq
∗
ki.
Using the relation α(S∗i Si) = α(Si+1S
∗
i+1) for i = 1, . . . , (n− 1), we get
n∑
k=1
S∗kSk ⊗ q
∗
kiqki =
n∑
k=1
SkS
∗
k ⊗ qki+1q
∗
ki+1
⇒ S1S
∗
1 ⊗ q1i+1q
∗
1i+1 − S
∗
nSn ⊗ q
∗
niqni +
n−1∑
k=1
S∗kSk ⊗ (qk+1i+1q
∗
k+1i+1 − q
∗
kiqki) = 0
Using the orthogonality of the projections {pi}i=0,...,n, we have for all i, k = 1, . . . , (n− 1)
q1i+1 = qni = 0 (8)
qk+1i+1q
∗
k+1i+1 = q
∗
kiqki (9)
By (8), q1i = 0 for all i = 2, . . . , n. Using this and (9), recursively, we get qli = 0 for all
l = 1, . . . , (n− 1) and i = l+ 1, . . . , n. Now applying the antipode to qli for all l = 1, . . . , n and
i = l + 1, . . . , n, we show that qij = 0 for i 6= j. ✷
Proof of the Theorem:
Note that by Proposition 4.11, it is enough to show that we have a CQG homomorphism from
(C(S1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−times
,∆) onto QLinτ . If α is the action of Q
Lin
τ given by α(Sei) =
∑
j Sej ⊗ qji,
then by the previous Lemma we have α(Si) = Si ⊗ qii for qii ∈ Q
Lin
τ for i = 1, . . . , n. From the
relation (5), (6) it follows that qi+1i+1q
∗
i+1i+1 = q
∗
iiqii for all i = 1, . . . , n. Using the fact that∑n
i=0 pi = id, we get the following
n∑
i=1
α(SiS
∗
i ) + α(S
∗
nSn) = 1⊗ 1
⇒
n∑
i=1
SiS
∗
i ⊗ qiiq
∗
ii + S
∗
nSn ⊗ q
∗
nnqnn = 1⊗ 1 (10)
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Multiplying the last equation by Sk from right and using the relation SnSk = 0 for k = 1, . . . , n
and SiS
∗
i Sk = δikSk, we get
Sk ⊗ qkkq
∗
kk = Sk ⊗ 1,
which implies that qkkq
∗
kk = 1 for all k = 1, . . . , n. Using qk+1k+1q
∗
k+1k+1 = q
∗
kkqkk for
k = 1, . . . , (n − 1), we get q∗kkqkk = 1 for k = 1, . . . , (n − 1). Again multiplying equation
(10) by Sn from left and using SnSi = 0 for all i we get q
∗
nnqnn = 1 implying that all the
qii’s are unitary. The action automatically preserves τ . Hence by the universal property of
(C(S1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−times
,∆), we have a surjective CQG morphism from (C(S1) ∗ . . . ∗ C(S1)︸ ︷︷ ︸
n−times
,∆)
onto QLinτ sending zi to qii for i = 1, . . . , n, where zi’s are the canonical generators of the free
product. This completes the proof of the theorem. ✷
Remark 5.3 We observed in the previous Lemma, for the graph Γ, the presence of τ in the
category Clinτ is superfluous.
2.
The above graph is a complete graph Γ with two vertices {0, 1} and two edges e1, e2. If we denote
the projections corresponding to the vertices by p0, p1 and the partial isometries corresponding
to the edges by S1, S2, then C
∗(Γ) is generated by S1, S2 satisfying the following relations:
S∗1S1 = S2S
∗
2 = p1, S
∗
2S2 = S1S
∗
1 = p0, (11)
where p0, p1 are mutually orthogonal projections with p0 + p1 = 1. Clearly this is an infinite
dimensional C∗-algebra. Let ((Q,∆), α) be an object in CLinτ such that for ((qij))i,j=1,2 ∈M2(Q),
α(Si) =
2∑
j=1
Sj ⊗ qji, i = 1, 2. (12)
Theorem 5.4 For a complete graph Γ with 2 vertices, QLinτ is isomorphic to (Dθ(C(S
1) ∗
C(S1)), ∆˜) (see Subsection 3.1) where θ is the order 2 automorphism given by θ(z1) = z2, θ(z2) =
z1 with z1, z2 being the canonical generators of C(S
1) ∗ C(S1).
We break down the proof in a few Lemmas.
Lemma 5.5
q∗11q11 = q22q
∗
22, q
∗
21q21 = q
∗
12q12
q11q
∗
11 = q
∗
22q22, q21q
∗
21 = q
∗
12q12. (13)
Proof:
The orthogonality of p0, p1 along with the relations α(S
∗
1S1) = α(S2S
∗
2) and α(S
∗
2S2) = α(S1S
∗
1)
produce the relations (13).✷
Lemma 5.6
q11q12 = q12q11 = q21q11 = q11q21 = 0
q22q12 = q12q22 = q22q21 = q21q22 = 0 (14)
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Proof:
Using the fact that α(S∗1S2) = 0, we have the following relation
p1 ⊗ q
∗
11q12 + p0 ⊗ q
∗
21q22 = 0.
Now using the orthogonality of p0 and p1, we can conclude that q
∗
11q12 = q
∗
21q22 = 0.
(q11q21)
∗(q11q21) = q
∗
21q
∗
11q11q21
= q∗21q22q
∗
22q21 (by (13))
= 0 (q∗21q22 = 0)
Hence q11q21 = 0. Applying κ, we get q11q12 = 0. With similar arguments we can show the rest
of the relations.✷
Lemma 5.7 qij’s are normal and partial isometries for all i, j = 1, 2.
Proof:
Observe that the matrix FΓ is the identity matrix for this graph. So both ((qij)) and ((qij))
t
are unitaries implying the following:
q11q
∗
11 + q12q
∗
12 = q
∗
11q11 + q
∗
12q12 = 1.
Using Lemma (5.6), we get
q∗211q11 = q
∗
11 (15)
q11q
∗2
11 = q
∗
11 (16)
Multiplying (15) by q11 from left and using (16), we get q
∗
11q11 = q11q
∗
11, proving that q11 is
normal. Similarly we can show that the rest of the elements are normal as well. Moreover, note
that qij’s are partial isometries using the unitarity condition of ((qij)) and qijq
∗
ik = 0 for all
i, j, k with j 6= k. ✷
Observe that all qijq
∗
ij are central projections. Now we turn to the proof of the theorem.
Proof of the Theorem:
Note that the underlying C∗-algebra of QτLin is generated by {qij}i,j=1,2 satisfying all the
relations of Lemmas 5.6, 5.5, 5.7 and ((qij)), ((q
t
ij)) are unitaries. Now we define a map
φ : QLinτ → (C(S
1) ∗ C(S1)) ⊕ (C(S1) ∗ C(S1)) on the generators by φ(q11) = (z1, 0), φ(q12) =
(0, z1), φ(q21) = (0, z2), φ(q22) = (z2, 0), where z1, z2 are canonical generators of the free product
C(S1)∗C(S1). This map is clearly a C∗-isomorphism between them. Indeed, QτLin is isomorphic
to (Dθ(C(S
1) ∗ C(S1)), ∆˜) as a CQG with respect to θ given in Theorem 5.4. ✷
Remark 5.8 QautBan(Γ) = Z2 which is strictly smaller than the quantum automorphism deter-
mined here.
3. Cuntz algebra: Recall the definition of Cuntz algebra On which is a unital C
∗-algebra
generated by n isometries {Si}i=1,...,n satisfying the following relations
S∗i Si =
n∑
k=1
SkS
∗
k = 1, i = 1, ..., n.
Proposition 5.9 For Cuntz algebra On, Q
Lin
τ is isomorphic to U
+
n .
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Proof:
First observe that from the definition of τ on V2,+ and the defining relations of On, τ(S
∗
i Si) = n
for all i = 1, . . . , n. Hence (denoting the graph of Cuntz algebra by the same notation On)
the matrix FOn is the matrix nIdn×n implying that if we denote the matrix ((qij)) by U , then
the action α of QLinτ given by α(Si) =
∑n
j=1 Sj ⊗ qji for qji ∈ Q
Lin
τ preserves τ on V2,+ if and
only if U∗U = U tU t∗ = Idn×n. Then by the universal property of U
+
n , there is a surjective
homomorphism from U+n onto Q
Lin
τ sending uij to qij. So to prove the theorem it would suffice
to show that U+n belongs to the category C
Lin
τ . To that end we define α : On → On ⊗ U
+
n
by α(Si) =
∑n
j=1 Sj ⊗ uji for uij ∈ U
+
n . First we prove that in deed we have a well defined
C∗-homomorphism given by α. Like before we shall show that {α(Si)}i=1,...,n again satisfy the
defining relations of On. α(S
∗
i Si) =
∑
k S
∗
kSk ⊗ q
∗
kiqki = 1⊗ 1. On the other hand
n∑
l=1
α(SlS
∗
l ) =
∑
k,m,l
SkS
∗
m ⊗ qklq
∗
ml
=
∑
k,m
SkS
∗
m ⊗ (
∑
l
qklq
∗
ml)
=
n∑
k=1
SkS
∗
k ⊗ 1 (since
∑
l
qklq
∗
ml = δkm)
= 1⊗ 1.
This proves the existence of α. Coassociativity, faithfulness and τ -preserving properties are
easy to check. Hence U+n is an object in C
Lin
τ which completes the proof of the proposition.✷
We would like to end the paper with the following concluding remarks:
Remark 5.10 1. In the context of noncommutative geometry recently semifinite spectral triples
on Graph C∗-algebras have been constructed (see [9]). So it is interesting to explore the quan-
tum isometry of such semifinite spectral triples. We would like to see where our framework of
quantum symmetry stands in this context.
2. In [2], universal object in the category of CQG’s respecting certain orthogonal filtration is
shown to exist for a large class of C∗-algebras including the Cuntz-Krieger algebra. Also in that
paper for general graph C∗-algebras the authors alluded to a category similar to ours. Objects
of their category need to preserve a faithful state on the whole C∗-algebra. Although our linear
functional does not extend as a faithful state on the whole C∗-algebra, but we believe that a
modified version would extend as a faithful state on the whole algebra. But even with that mod-
ified state, a priori their category is more restrictive and hence the quantum symmetry group is
smaller than the quantum symmetry group in our sense. But sometimes they can coincide, like
in the case of Cuntz algebra, we can normalize our linear functional and extending on the fixed
point algebra, we get the canonical KMS state on the Cuntz algebra after composing with the
canonical expectation. In that case their category and our category with normalized functional in
deed coincide. But we believe that in general for graph C∗-algebras the approaches are different.
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